VARIATIONAL DESTRUCTION OF INVARIANT CIRCLES 



Lin Wang 



Abstract. We construct a sequence of generating functions (/i,i)neN, arbi- 
trarily close to an integrable system in the C" topology with r < 4 for n large 
enough. With the variational method, we prove that for a given rotation number 
uj and n large enough, the exact monotone area-preserving twist maps generated 
by {hn)n<£N admit no invariant circles with rotation number uj. 
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1. Introduction 



M.Herman constructed an example in [H2]. With geometrical method he proved 
the example has the property that the invariant circle (i.e. a homotopically non- 
trivial invariant curve) with a given rotation number can be destructed by an ar- 
I bitrarily small perturbation in the C^'^ topology for the exact monotone area- 

preserving twist map. The KAM theory (see [S]) implies the persistence of invariant 
circle with a Diophantine rotation number under the small perturbation in the C^'^'' 
topology. Hence, Herman's result is optimal. However, the perturbation in the 
example in [H2] is too artificial. In this paper, following the ideas and techniques 
developed by J.N.Mather in the series of papers [Ml], [M2], [M3] and [M4], we con- 
ff^ ] struct an example with a more natural perturbation to achieve the same goal. More 

^ _ precisely, our example has the property as follow: 

\^ . Property: For a given rotation number oj and n large enough , there exists a 

\ sequence of generating functions {hn)n&n, arbitrarily close to an integrable system 

in the C" topology with r < 4 such that the exact monotone area-preserving twist 
maps generated by {hn)n&] admit no invariant circles with rotation number uj. 



In [Ml], [M2], [M3] and [M4], Mather introduced a notion called Peierls's barrier 
as follows 



^ ■ PH^iO = min V(/i(:e„x,+i) - /i(xr,xr )), 

where / = Z, if w is not a rational number, / = {0, — 1}, if a; = p/q, and 
(xj)jg/ G rije/t^j"' ^i*^] satisfying xq = Moreover, he proved that -P^(0 is a non- 
negative Lipschitz function with respect to the variable ^ £ M with the modulus of 
continuity with respect to oo and found a criterion of the existence of invariant circles. 
Namely, the exact area-preserving monotone twist map generated by h admits an 
invariant circle if and only if PI^{^) = for every ^ G M. 

For our example, the modulus of continuity can be improved due to the hyper- 
bolicity of the perturbation, which follows from similar ideas of [F]. More precisely, 
(Lemma 15.11 b elow) if oj is suitable small, then 

l^'"(0-n+(OI<Cexp(-n^), 
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where 5 is a small positive constant independent of n. Based on the improvement, 
we obtain that there exists ^ G M such that P^^" (.^) 7^ for n large enough. It follows 
that hn doesn't admit any invariant circles for n large enough. 

2. Preliminaries 

2.1. Minimal configuration 

Let /: TxR— 7'TxM(T = M/Z) be an exact area-preserving monotone twist 
map and h: be a generating function for the lift F of / to M^, namely F 

is generated by the following equations 

\y = -dih{x,x'), 
\y' = d2h{x,x'), 

where F{x,y) = {x',y'). The lift F gives rise to a dynamical system whose orbits 
are given by the images of points of under the successive iterates of F. The orbit 
of the point {xo,yo) is the bi- infinite sequence 

{..., {x_k,y-k), {x-i,y-i), {xo,yo), {xi,yi), {xk,yk), •••}, 
where {xk,yk) = F{xk-i,yk-i)- The sequence 

(..., X—kj ■•■■> X—l, Xq, Xi, Xk, ...) 

denoted by {xi)i^i is called stationary configuration which stratifies the identity 

dih{xi^Xi-\-i) + d2h{xi-i,Xi) = 0, for every z G Z. 
Given a sequence of points {zi, ...,Zj), we can associate its action 

h{zi,...,Zj) = ^ h{zs,Zs+i). 

i<s<j 

A configuration {xi)i^z is called minimal if for any i < j £ Z, the segment of 
{xi, Xj) minimizes h{zi, Zj) among all segments {zi, Zj) of the configuration 
satisfying Zi = Xi and Zj = Xj. It is easy to see that every minimal configuration 
is a stationary configuration. By [B], minimal configurations satisfy a group of 
remarkable properties as follows: 

• Two distinct minimal configurations cross at most once, which is so called 

Aubry's crossing lemma. 

• For every minimal configuration x = {xi)i^z, the limit 

/ \ T Xi-\-n Xi 

pix) = lim 

n^oo n 

exists and doesn't depend on i G Z. p(x) is called the rotation number of x. 

• For every a; G M, there exists a minimal configuration with rotation number 
cj. Following the notations of [B], the set of all minimal configurations with 
rotation number oj is denoted by M^, which can be endowed with the topol- 
ogy induced from the product topology on M^. If x = {xi)ii=x is a minimal 
configuration, considering the projection pr : M^^ M defined by pr{x) = xq, 
we set =pr{Ml^). 
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• If w G Q, say oj = p/q (in lowest terms), then it is convenient to define the 
rotation symbol to detect the structure of Mj^^^. If x is a minimal configuration 
with rotation number p/q, then the rotation symbol C7(x) of x is defined as 
follows 

' p/(l+, if Xi+q > Xi+p for all i, 
o"(x) = < p/q, if Xj+q = Xi + p for all i, 
^p/q-j ii Xi+q < Xi + p ioT alii. 

Moreover, wc set 

= {x a is minimal configuration with rotation symbol p/q or p/q+}, 
M^^^_ = {x a is minimal configuration with rotation symbol p/q or p/q—}, 

then both and are totally ordered. Namely, every two configu- 

rations in each of them do not cross. We denote pr{M^^^^) and pr{M^^^_) by 
'^p^q+ -^p^^- respectively. 

• If a; G M\Q and x is a minimal configuration with rotation number lo, then 
(7(x) = CO and is totally ordered. 

• A^Ij is a closed subset of M for every rotation symbol co. 



2.2. Peierls's barrier 

In [M3], Mather introduced the notion of Peierls's barrier and gave a criterion 
of existence of invariant circle. Namely, the exact area-preserving monotone twist 
map generated by h admits an invariant circle with rotation number uj if and only 
if the Peierls's barrier Pl^{(,) vanishes identically for all ^ G M. The Peierls's barrier 
is defined as follows: 

• If At we set Pi?(C)=0. 

• If ^ At since A^ is a closed set in R, then ^ is contained in some complemen- 
tary interval (^~, C"*") of A^ in M. By the definition of .4^, there exist minimal 
configurations with rotation symbol io, x~ = (x~)igz and x+ = {x^)i^z sat- 
isfying Xq = ^~ and Xq = For every configuration x = {xi)i^z satisfying 

^ Xi < x^ , we set 

Goj{x) = ^{h{xi,Xi+i) - h{x:r^x^^^)), 
I 

where / = Z, if a; is not a rational number, and / = {0, q — 1}, if u = p/q. 
^ujiO is defined as the minimum of over the configurations x G 11 = 

Ylieii^i^^tl satisfying xq = ^. Namely 

P^(0 = min{G^(x)|x G U and xo = 

By [M3], P^{C) is a non-negative periodic function of the variable ^ G M with the 
modulus of continuity with respect to co. 

To our example (see Section 3), the modulus of continuity of P^{0 with respect 
to Lv can be improved significantly. Loosely speaking, the hyperbolicity of the per- 
turbation implies the exponential approximation from P^{C) to P(^+(^). The details 
will be provided in Section 5. 
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3. Construction of the generating functions 
Consider a completely integrable system with the generating function 

ho{x, x') = -{x — x')^ X, X G M. 

We construct the perturbation consisting of two parts. The first one is 

(3.1) = — (1 - cos(27rx)) x G M, 

where n G N and a is a positive constant independent of n. The second one is a non 
negative function Vn{x) satisfying 

Vn(x + 1) = Vn(x), 

(3_2) ^ supp7;„n[0,l] C + 

maxun = n~*, 

where we require s' > a. It is enough to take s = {k + 2)a for achieving that. The 
generating function of the nearly integrable system is constructed as follow: 

(3.3) hn{x, x') = ho{x, x) + n„(x') + u„(x'), 

where n G N. Moreover, we have the following theorem. 

Theorem 3.1 For oj G IR\Q and n large enough, the exact area-preserving mono- 
tone twist map generated by hn does not admit any invariant circles with the rotation 
number satisfying 

where 6 is a small positive constant independent of n. 

We will prove Theorem 13.11 in the following sections. First of all, based on the 
theorem, we verify that our example has the property aforementioned in Section 1. 

If w G Q, then the invariant circles with rotation number w could be easily 
destructed even though the perturbation is C°° close to 0. Therefore it suffices to 
consider the irrational u. The case with a given irrational rotation number can be 
easily reduced to the one with a small enough rotation number. More precisely, 

Lemma 3.2 Let hp be a generating function as follow 

hp{x, x') = /io(a;, x') + -P(x'), 

where P is a periodic function of periodic 1. Let Q{x) = q~'^P{qx), q G N, then the 
exact area-preserving monotone twist map generated by hQ{x,x') = hQ{x,x') +Q[x') 
admits an invariant circle with rotation number u G M\Q if and only if the exact 
area-preserving monotone twist map generated by hp admits an invariant circle with 
rotation number qu — p,p G Z. 
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We omit the proof and for more details, see [H2]. For the sake of simphcity of 
notations, we denote Qg^ by Qn and the same to Ug^ , Vg^ and hg^ . Let 

where {qn)n&i is a sequence satisfying Dirichlet approximation 

(3.4) \qnUJ -pn\ < — , 

Qn 

where pn £ and qn G N. Since to G M\Q, we say g„ — >• oo as n — oo. Let 
hn{x,x') = /io(x,x') + Qn{x'), we have 

Corollary 3.3 For a given rotation number oj G M\Q and every e, there exists 
N such that for n > N , the exact area-preserving monotone map generated by hn 
admits no invariant circle with rotation number oj and 

\\hn ~ ^ollc'4-i' < e, 

where 5' is a small positive constant independent of n. 

Proof Based on Theorem 13. II and Dirichlet approximation ()3.4p . it suffices to 

take 

1 1 

— < 



Qn qn^+^ 

which implies 

(3.5) a < 2 - 2(5. 

From ([33]), ([32]) and ([33]), it follows that 

\\hnix,x') - ho{x,x')\\cr 

= \\Qnix')\\c'-, 

< qn~'^i\\UniqnX')\\c^ + \\Vn{qnX')\\c^) , 

< qn~\qn~"'i27TYqn' + Ciqn-''qnl, 

where Ci, C2 are positive constants only depending on r. 

To complete the proof, it is enough to make r — a — 2 < 0, which together with 
()3.5p implies 

r<a + 2<A-26. 

We set 5' = 25, then the proof of Corollary 13.31 is completed. □ 

The following sections are devoted to prove Theorem 13.11 For simplicity, we 
don't distinguish the constant C in following different estimate formulas. 

4. Estimate of lower bound of 

In this section, we will estimate the lower bound of P^J^ at the given point. To 
achieve that, we need to estimate the distances of pairwise adjacent elements of the 
minimal configuration. 
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4.1. A spacing lemma 

Lemma 4.1 Let {xi)i^z be a minimal configuration ofhn with rotation symbol 
then ^ ^ 

Xi+i-Xi = 0{n~^), for XjG [-,-], 

where hn{xi,Xi+i) = ho{xi,Xi+i) + Un{xi+i). 

Proof Without loss of generality, we assume Xi G [0, 1] for all i G Z. By 
Aubry's crossing lemma, we have 

< ... < Xi-i < Xi < Xi+i < ... < 1. 

We consider the configuration (^j)iez defined by 

t . I "^ji J ^ "^1 

Since {xi)i^i is minimal, we have 

XI hniii, Ci+l) - XI ^n{Xi, Xi+i) > 0. 

By the definitions of hn and (Ci)iez, we have 

< ^K{ii,ii+l) - ^hn{Xi,Xi+i) 

iez iez 

= , Xj-i-i) hfi(^Xi—i, Xi) hfil^Xi, Xi-^-i) 

~ (-^i+l •^iji.-^i SJj—i) 'U^(xj). 

Moreover, 

Un{Xi) < (Xj+i - - Xi-i) < -{Xi+i - Xi-if. 

Therefore, 

Xi+i - Xi-i > 2\/un{Xi). 

For G [3, f], Un{xi) > n'", hence, 

(4.1) Xi+i - Xj-i > 2n~t. 

On the other hand, we consider another configuration {r]i)i^z defined by 

{Xj+i, j < i, 

^{xj+xj+i), j = i, 
Xj, j > i. 

Based on the minimality of {xi)iQZ, following the deduction as similar as that above, 
we have 

Xi+i -Xi< 2\/un{r]i) < 2-\/2n~2 . 
Since {xi)iQZ is a stationary configuration, we have 

Xi+l -Xi = -dihniXi,Xi+i), 
= d2hn{Xi-i,Xi), 
— Xi Xj_l + U^(Xj). 
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Since u'^{x) = ^ sin(27rx), it follows from (j4.ip that 

a. 

Xj+i — Xi > Cn 2 . 

Therefore, we have 

Xi+i - Xi = 0(n"t), Xi £ 
The proof of Lemma l4.ll is completed. 



1 3 

4' 4 



□ 



4.2. The lower bound of 

By the definition of Vn, suppw„n [0, 1] C [| - ^, ^ + ^] and Vnix + 1) = Vn{x). 
Let (xj)jgz be the minimal configuration of = /io(xi,Xj+i) + 

with rotation symbol 0"*" satisfying xq = \ — then 

{Xi)i(zl n SUppWn = 0. 

Moreover, for alH G Z, 

Vn{xi) = 0. 

Let (^i)iGZ be a minimal configuration of /i„ defined by ()3.3p with rotation 
symbol 0"*" satisfying = where satisfies = maxt;„(j;) = n~^^ then 

> fnl??) + Xj+i) - ^ /ln(Xj, Xi+i), 

= Z;„(7/) - y^^Vn{xi+i), 

Therefore, 

Pn+i'n) = min V'(/i„(xi, Xj+i) - hn{x~ ,x~,-^)) > Vn{ri) = n"^ 

" xo=ri — ' ' 

We conclude that there exists a point C ^ [| ~ :^^) ^ + such that 
(4.2) Plm>n-'- 

5. The approximation from to P^f^" 

In this section, we will prove the improvement of modulus of continuity of 
Peierls's barrier based on the hyperbolicity of hn- Namely 

Lemma 5.1 For every irrational rotation symbol u satisfying < u < n^2^ ^ we 
have 

\P!:HO-P^nO\<CeM-n'). 
where ^ G — ^ + ^] and 6 is a small positive constant independent of n. 
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5.1. Some counting lemmas 

To prove the lemma, we need to do some preliminary work. First of all, we 
count the number of the elements of a minimal configuration (xj)jg2 with arbitrary 
rotation symbol a; in a given interval. With the method of [F], we can conclude the 
following lemma. 



Lemma 5.2 Let {xi)i^z a minimal configuration of hn with rotation symbol oj, 
exp ( — n2 



J, 



1 

' 2 



and A„ = {i € Z| Xi € Jn}, then 



ttA„ < Cnt+f, 

where ttA„ denotes the number of elements in A„ and S is a small positive constant 
independent of n. 

Proof Let x+ = 1 — exp ( — na ) , x~ = i and a = ( ^ ) ^ , hence. 



In £7 



2 

ln(x"'") — ln(x" 
N 



We choose iV G N such that 1 < Ina < 2, then N = [n^]. 



We consider the partition of the interval J„ = [x , x+] into the subintervals 
= [a^x- ,a^+^x-] where < < A^. Hence, J„ = ufjgV^. We set 5^ = G 
Xi-i,Xi+i) C J^} and = jlSfc. 

By the similar deduction as the one in Lemma l4.lt we have 



1 

"•2 



Xi+i - Xi-i > 2\/un{Xi) +Vn{Xi) > Cu 2Xi, for Xi G 

a 

For simplicity of notation, we write Cn~2 by a„. 

If there exists k such that i ^ Sk for {xi)i^z, then Xj+i — Xi^i > ancr^x^ , 
moreover, 

mkan(T^x~ < 2£(J^) = 2(cr - 1)(t^x", 

where C{J^) denotes the length of the interval of J^. Hence < 2{a — l)a~^. 

On the other hand, \i i ^ for any then there exists / satisfying 1 < / < iV 
such that 

Xi-i < a^x~ < Xj+i. 

Hence, 

^{ie An\i^ Sk for any k} < 2N. 

Therefore, 

ti(A„) < 2N{a - 1)q-i + 2N. 
Since 1 < Ino" < 2 and N = O ^na^ , then we have 

tJAn < Cnt+f. 
The proof of Lemma 15.21 is completed. 
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Remark 5.3 Let (xj)jgz be a minimal configuration of hn defined by l\3.3\i with 
rotation symbol uo, An argument as similar as the one in Lemma \5.^ implies that 



i G 



Xi e exp ( — n2 1,1 — exp ( —n^ 



Q, _|_ ^ 



Second, it is easy to count the number of the elements of a minimal configuration 
with irrational rotation symbol. More precisely, we have the following lemma. 

Lemma 5.4 Let (xi)i^z be a minimal configuration with rotation number u G M\Q. 
Then for every interval of length /c, A: G N, 

k k 
1 < tt{i e ^\xi G 4} < - + 1- 

Proof For every minimal configuration (xi)jgz with rotation number u, there exists 
an orientation-preserving circle homeomorphism 4> such that p{^) = to, where ^ : 
M — 7- M denotes the lift of (p. Since oj G M\Q, thanks to [HI], 4> has a unique invariant 
probability measure ^ on T such that fi[x, <l>(x)] = uj for every x G M. In particular, 

fi[xi,Xi+i] = UJ, for every i G Z. 

From = k, it follow that 

oo{]\{i G G 4} - 1) < A:, 
a;(tj{i G Z\xi G 4} + 1) > A:, 

which completes the proof of Lemma 15.41 □ 
Based on Lemma 15.21 and Lemma 15.41 if < a; < n~2~^ and uj is irrational. 



then 

G Z\xi G [0, 1]} > - - 1 > Cint+'^ > Cant+i 
So far, we have proved the following conclusion. 

Lemma 5.5 Let {xi)i^i be a minimal configuration of hn defined by l\3.3\} with 
rotation symbol < uj < n'^"^ , then there exists j~ G Z such that 



< < Xj- < Xj^^i < exp(— n 



6 , 



1 — exp(— na) < Xj+_i < Xj+ < Xj+_^^i < 1. 

Without loss of generality, we assume that 

(5.1) j+-j">Cnt+f. 

If ^ G Aj^", then P(f^"(0 = 0. Hence, it suffices to consider the case with ^ A^^" 
for destruction of invariant circles. Let (^~,^~^) be the complementary interval of 
AI^" in M and contains ^. Let = (■?j^)jGZ be the minimal configurations with 
rotation symbol uj satisfying = and let (^j)iez be a minimal configuration of 
hn with rotation symbol uj satisfying Co = ^ and ^~ < < By the definition of 
Peierls barrier, we have 
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Since P^i'^i^) is 1-periodic with respect to ^, without loss of generahty, we assume 
that ^ G [0,1]- We set d(x) = min{|x|,|3; — 1|} and write exp(— na) by e(n). By 
Lemma 15.51 there exist i~ , i'^ such that 



(5.2) ) < e(n) and ^.^^ - < e(n) for i = i , i+. 

Thanks to Aubry's crossing lemma, we have ^~ < ^ — Hence, 

Ci-S,^<e{n) for i = i'^ , . 



5.2. Proof of lemma 15.11 

In the following, we will prove Lemma l5. II with the method similar to the one 
developed by Mather in [M3]. The proof can be proceeded in the following two 
steps. 



5.2.1. Step 1 

We consider the number of the elements in a segment of the configuration 
as the length of the segment. In the first step, we approximate -P^"(0 for ^ G 
[h ~ n^'^ r^] by the difference of the actions of the segments of length — + 
To achieve that, we define the following configurations 

x. = \fl and y. = [^l 

It is easy to see that Co = C is contained both of and {y.i)i^i up to the 

rearrangement of the index i since ^ G ~ ^! ^ + • Hence, by the minimality 
of (Ci)iez satisfying = we have 

(5.3) < Y.^K{v^,yi+l) - 



Since oj is irrational, then {xi)i^i is asymptotic to (C,- )igz> which together with the 
minimality of (C~)igz yields 

We set 

h{xi,...,Xj) = ^ h{xs, Xs+i), 

i<s<j 

then 



"^{hniXi, Xi+i) - KiCi, Ci+l)) = X] (^"te-l'^i - K{^i-l,^i,Ci+l))- 
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By the construction of Vn and Lemma [53} we have Vn{£,i-), Un(^j-) = 0. It fohows 
that 

< m- - er )e(n) + uMi^i- - C-)' 

27r 

< Ae{nf + — sin(27r?7)e(n), 

< Ce(n)2, 

where r] £ {£,{-, S,^-)- It is similar to obtain 

/ln(Ci+-l>Cj+)Ci++l) - /in(Ci+-l>Ci+;Cj++l) < Ce(n)^. 

Hence, 

(5.5) - hn{Ci,Ci+i)) < Ce{nf. 
Moreover, 

<P>(e) + C6(n)2. 
Therefore, it follows from ()5.3p and ()5.4p that 

(5.6) P>(e) < J](/i„(y„y.+i) - /i„(C,C+i)) < P!i"{0 + Ce{n)\ 
where 

^{hn{Vi,yi+i) - hniii = hn{yi-,...,yi+) - hn{^^-,...,^^+). 
5.2.2. Step 2 

It follows from [M4] that the Peierls's barrier P^^ (,^) could be defined as follows 

(5.7) PqJ; (C) = min ^ /i„ {rji , r/j+i ) - min ^ /i„ (zj , Zj+i ) , 

where (r?j)jez and ( 

-2j)jgz are monotone increasing configurations limiting on 0, 1. 

We set 

K{0 = min^o=5 Xliez K{rii,rii+i), 
K = min Y.iel ^n{zi, Zi+i). 
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First of all, it is easy to see that K{^) and K are bounded. Second, Pg+ (^) = 
for ^ = or 1. Hence, we only need to consider the case with ^ G (0, 1). Following 
the ideas of [M6], let ^~ and be minimal configurations of rotation symbol 0^ 
and let (Cq'^'^o') be the complementary interval of A^" and contains ^. Based on the 
definition 

P^^iO = min{Go+(x)|Cr < < 

where 

the proof of ()5.7p will be completed when we verify that the configuration {xi)i^i 
achieving the minimum in the definition of K{S,) satisfies ^~ < Xi < . It can be 
easily obtained by Aubry's crossing lemma. In fact, since ((^~)jg2 and (xj)igz are 
minimal and both are a-asymptotic to as well as w-asymptotic to 1, by Aubry's 
crossing lemma, (^j")igz and (xi)jez do not cross. Similarly and (xi)igz do 

not cross. It follows from xq G (^o',Co') that {xi)i^i achieving the minimum in the 
definition of K{^) satisfies ^~ < Xi < ^f. 

In the following, we will compare K, K{£^) with hn{(,^^, ...,^rj.), hn{yi~, ...,yi+) 
respectively. 

First, we consider K and hniS,^--, ...,^r^). Let (zj)jgz be a monotone increasing 
configuration limiting on 0, 1 such that K = X^jg^ hn{zi, Zi+i). By Lemma [521 

G Z|(zi)iez n [e(n), 1 - e(n)]} < Cnt+t. 

On the other hand, since (-Zi)iez has the rotation number 0"*", then from ()5.ip . it 
follows that up to the rearrangement of the index i, there exists a subset of length 
— i~ of {zi)i£z, denoted by {^j- , ^j-^-i, • • • , Zi+_i, Zj+j such that 

Zi-+i < e(n), > e(n). 

We consider the configuration {xi)i^z defined by 

Xi = <i < «+, 

Xi = 0, i < i~ , 
Xi = 1, i > i^- 

By the definition of hn, /inC^jj, Xj+i) = for i < or i > i+, then 

^ ^ hn {Xi , ) — hfii^Xi— , .. . , Xj+ ) . 

jgZ 

Moreover, by the minimality of {zi)i^z, we have 



(5.8) 



K < '^hn{Xi,Xi+i) = hn{Xi-,...,Xi+). 
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By the construction of hn, we have Vn{xj_-_^_i) = Vni^,--^ _^_^) = 0. Hence 



(5-9) =^(^^-+l)'-^(e^-+l-e^-)^ 

< Ce(n)2. 
It is similar to obtain 

(5.10) hn{xi+_i,Xi+) - hn{C^+ < Ce{nf. 
Since 

hn{Xi- , Xj+ ) — hn[^^_ , ^^_|_ ) 

= /l„(Xj- , — hniCi- , ^j^- ^i) + /in(2;j+_i, — hn{C^+ _i, ^ 

then 

(5.11) /i„(xj-, ...,Xi+) - /in(^j^,...,C,^) < Ce{nf. 
From (j5.8p and (j5.1ip we have 

(5.12) K < hn{^-,..., e-+) + Ce(n)2. 

To obtain the reverse inequahty of (|5.12|) . we consider the configuration as 
follows 

a^j = 0, i , 
Xi = 1, i > 

From the definition of it follows that w„(zj-_|_i) = and hn{zi, -Zj+i) > for 
alH G Z. Moreover, we have 

hniXi- , ...) Xi+ ) K 

= /ln(Xj- , Xj-_(_i) + /l„(Xj+_i, aij+) — ^ ^ hn{Zi, Zi-\-i), 

i<i~ ,i>i+ 

< + Un{Zi-+l) + - l)^ 

< <(r/)zi-+i + Cie(n)^ 

< 27rn"" sin(27rr/)2;j-_^i + Cie(n)^, 
<C2n-"(zi-+i)2 + Cie(n)2, 

< Ce(n)2. 

where r/ G (0, Zj-+i). Namely 

(5.13) /in(xi-,...,Xi+) < + Ce(n)^ 



14 



LIN WANG 



Furthermore, we consider the finite segment of the configuration defined by 

T]i = Xi, r <i < z+, 

Then, the minimahty of (C)i6Z implies hn{£T_^, ...,^7+) < /i„(ryj-, ...,r/j+). Hence, by 
(|5.13|) . we have 

(5.14) hn{^:r_,...,^-^) < K + Ce{nf + hn{rii- , ...,r]i+) - 
where 

hniVi' ) •••) Vi+ ) hniXi- 5j+ ) 

= hn{r]i-,r]i-+i) - hn{xi-,Xi-+i) + K{r]i+_i,r]i+) - /i„(5j+_i, 

By the deduction as similar as (j5.9p . we have 

hn{rii~,r]i~+i) - hn{xi-,Xi-+i) < Ce{nf, 
hn{Vi+-i,Vi+) - hn{xi+_i,Xi+) < Ce{nf. 

Moreover, 

(5.15) hn{Vi-,-,Vi+) - hn{xi~,...,Xi+) < Ce{nf. 
Hence, from ()5.14p and ()5.15p . it follows that 

(5.16) K{^-,...,^-) <K + Ce{nf, 
which together with (|5.12p and (j5.16p implies 

(5.17) \K{i-^,...,i7,)-K\<Ce{nf. 
Next, we compare hnivi- ■, ■■■■,yi+) with K{^). 

Since (^i)igz is minimal among all configurations with rotation symbol uo satis- 
fying ^0 = By (j5.2p and Aubry's crossing lemma, we have 

d{ii) < (-{n), for i = 

where d{^i) = min{|^j|,|^j ~ By an argument as similar as the one in the 
comparison between K and hn{^~-, ...,^~+), we have 

(5.18) \hn{^,^,...,^,+ )-K{0\<Ceinf. 
By the construction of {yi)i,^Zi namely 

we have 

hniyi-,-;yi+) - K{ii-,-,ii+) 
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By the deduction as similar as (|5.1ip . we have 
(5.19) \K{yi-,...,yi+)-K{ii~,...,ii+)\<Ce{nf. 
Finahy, from I^M), d^TTTD . (f^T^ and (f^T^ we obtain 



I P^"- (6 - ^0+ (0 1 < I iVi- , . . . , y,+ ) - /in (C- ' • • • ' C+ ) + ^ - ^(0 1 + 

< \K{i,-,...,ii+)-K{i)\ + - K\ 

+ \hn{yi-,-,yi+) - hn{^i-,-,^i+)\ +Cie{nf, 

< Ce{nf, 

= Cexp(-n^), 

which completes the proof of Lemma 15.11 □ 



n 



6. Proof of theorem 13.11 

Based on the preparation above, it is easy to prove Theorem 13.11 We assume 
that there exists an invariant circle with rotation number < u; < n^2^ for 
then = for every ^ G M. By Lemma l5.H we have 



(6.1) \ph^^^)\<Cexpi-n'), for 
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On the other hand, (j4.2p implies that there exists a point ^ € [| ~ ^ + 
such that 

Hence, we have 

n-' < Cexp(-n'^). 

It is an obvious contradiction for n large enough. Therefore, there exists no invariant 
circle with rotation number < cj < n 2 

For —n~2~^ < u; < 0, by comparing P^"{S,) with -P^"(0) the proof is similar. 
We omit the details. Therefore, the proof of Theorem 13.11 is completed. □ 
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